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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i s ∈ hQTX
! � K�T γ : A → s Bb +�HH2/ � T�i? 7`QK γ(0) iQ γ(1)X
! q2 /2MQi2 γ−1 #2 i?2 T�i? 7`QK γ(1) iQ γ(0) /2}M2/ #v
γ−1(i) = γ(1− i)

! q2 /2MQi2 Bt0 : A → s #2 i?2 +QMbi�Mi K�T iQ t0 ∈ sX

s
γ

•t0 •t1

s
γ−1

•t0 •t1

,ࢶ � T�i? γ BM � iQTQHQ;B+�H bT�+2 s �M/ Bib BMp2`b2
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2i mb BMi`Q/m+2 �M 2[mBp�H2M+2 `2H�iBQM QM s #v

t0 ∼ t1 ⇐⇒ ∃ � T�i? 7`QK t0 iQ t1.

q2 /2MQi2 i?2 [mQiB2Mi bT�+2

π0(s) = s/ ∼

r?B+? Bb i?2 b2i Q7 T�i? +QMM2+i2/ +QKTQM2Mib Q7 sX

h?2Q`2K
π0 : ?hQT → a2i /2}M2b � +Qp�`B�Mi 7mM+iQ`X

*Q`QHH�`v
A7 s,u �`2 ?QKQiQTv 2[mBp�H2Mi- i?2M π0(s) ≃ π0(u)X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i γ : A → s #2 � T�i?X q2 /2}M2 i?2 T�i? +H�bb Q7 γ #v

[γ] = {γ̃ : A → s|γ ≃ γ̃ `2H ∂A = {0, 1}}.

γ

γ̃

•t0 •t16

,ࢶ AM � T�i? +H�bb- 6 : γ ≃ γ̃ `2H ∂A

[γ] Bb i?2 +H�bb Q7 �HH T�i?b i?�i +�M #2 +QMiBMmQmbHv /27Q`K2/ iQ γ
r?BH2 }tBM; i?2 2M/TQBMibX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i γ1, γ2 : A → s bm+? i?�i γ1(1) = γ2(0)X q2 /2}M2 i?2
+QKTQbBi2 T�i?

γ2 ⋆ γ1 : A → s
#v

γ2 ⋆ γ1(i) =
{
γ1(2i) 0 ≤ i ≤ 1/2

γ2(2i − 1) 1/2 ≤ i ≤ 1,

4⇒
γ1 γ2

•• •

γ1

γ2

γ2 ⋆ γ1

,ࢶ *QKTQbBiBQM Q7 T�i?b
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i 71, 72, ;1, ;2 #2 T�i?b- bm+? i?�i 7B(1) = ;B(0)- [71] = [72]-
[;1] = [;2]X h?2M

[;1 ⋆ 71] = [;2 ⋆ 72].
h?2`27Q`2 ⋆ Bb r2HH@/2}M2/ 7Q` T�i? +H�bb2bX

S`QQ7X
q2 BHHmbi`�i2 i?2 T`QQ7 �b 7QHHQrb

6 : 4⇒ •
71

72

;1

;2
• •6 :
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM U�bbQ+B�iBpBivV
G2i 7, ;, ? : A → s rBi? 7(1) = ;(0) �M/ ;(1) = ?(0)X h?2M

(
[?] ⋆ [;]

)
⋆ [7] = [?] ⋆

(
[;] ⋆ [7]

)
.

S`QQ7X
q2 BHHmbi`�i2 i?2 T`QQ7 �b 7QHHQrb

6−−−−→ s

7 ; ?

7 ; ?
(
[?] ⋆ [;]

)
⋆ [7] =

[?] ⋆
(
[;] ⋆ [7]

)
=
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i 7 : A → s rBi? 2M/TQBMib 7(0) = t0 �M/ 7(1) = t1X h?2M

[7] ⋆ [Bt0 ] = [7] = [Bt1 ] ⋆ [7].

S`QQ7X
q2 QMHv b?Qr i?2 }`bi 2[m�HBiv- r?B+? 7QHHQrb 7`QK i?2 };m`2

6−−−−→ s

Bt0
t0

7

7
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i s ∈ hQTX q2 /2}M2 � +�i2;Q`v Π1(s) �b 7QHHQrb,
! P#D(Π1(s)) = sX
! >QKΠ1(s)(t0, t1)4T�i? +H�bb2b 7`QK t0 iQ t1X
! 1t0 = Bt0 X

h?2 T`QTQbBiBQMb �#Qp2 BKTHv Π1(s) Bb � r2HH@/2}M2/ +�i2;Q`vX
Π1(s) Bb +�HH2/ i?2 T�i? +�i2;Q`v Q` 7mM/�K2Mi�H ;`QmTQB/ Q7 sX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
� +�i2;Q`v r?2`2 �HH KQ`T?BbKb �`2 BbQKQ`T?BbKb Bb +�HH2/ �
;`QmTQB/X �HH ;`QmTQB/b 7Q`K � +�i2;Q`v :`QmTQB/X

1t�KTH2
� ;`QmT : +�M #2 `2;�`/ �b � ;`QmTQB/ : rBi?
! P#D(:) = {⋆} +QMbBbib Q7 � bBM;H2 Q#D2+iX
! >QK:(⋆, ⋆) = : �M/ +QKTQbBiBQM Bb ;`QmT KmHiBTHB+�iBQMX

h?mb r2 ?�p2 � 7mHHv 7�Bi?7mH 7mM+iQ` :`QmT → :`QmTQB/X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K
G2i γ : A → s rBi? 2M/TQBMib γ(0) = t0 �M/ γ(1) = t1X h?2M

[γ] ⋆ [γ−1] = [1t1 ], �M/ [γ−1] ⋆ [γ] = [1t0 ].

h?2`27Q`2 Π1(s) Bb � ;`QmTQB/X

S`QQ7X
G2i γm : A → s bm+? i?�i γm(i) = γ(im)X h?2 7QHHQrBM; };m`2 ;Bp2b
i?2 ?QKQiQTv γ−1 ⋆ γ ≃ 1t0 ,

6−−−−→ s

γ

m
γm γ−1

m

γ−1

γ0 = Bt0
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i C #2 � ;`QmTQB/X G2i � ∈ P#D(C)- r2 /2}M2 Bib �miQKQ`T?BbK
;`QmT #v

�miC(�) := >QKC(�,�).
LQi2 i?�i i?Bb BM/22/ 7Q`Kb � ;`QmTX

�miC(�) =
{

�
}
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

6Q` �Mv 7 : � → "- Bi BM/m+2b � ;`QmT BbQKQ`T?BbK

�/7 : �miC(�) → �miC(")
; → 7 ◦ ; ◦ 7−1.

>2`2 Bb � };m`2 iQ BBHHmbi`�i2

�/7 : K�Tb �; iQ � ";
7

7−1
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?Bb M�im`�HHv /2}M2b � 7mM+iQ`

C → :`QmT #v �bbB;MBM; � +→ �miC(�), 7 +→ �/7 .

aT2+B�HBx2 i?Bb iQ iQTQHQ;B+�H bT�+2b- r2 }M/ � 7mM+iQ`

Π1(s) → :`QmT .

.2}MBiBQM
G2i t0 ∈ s- i?2 ;`QmT

π1(s, t0) := �miΠ1(s)(t0)

Bb +�HH2/ i?2 7mM/�K2Mi�H ;`QmT Q7 i?2 TQBMi2/ bT�+2 (s, t0)X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K
G2i s #2 T�i? +QMM2+i2/X h?2M 7Q` t0, t1 ∈ s- r2 ?�p2 � ;`QmT
BbQKQ`T?BbK

π1(s, t0) ≃ π1(s, t1).

S`QQ7X
*QMbB/2` i?2 7mM+iQ` Π1(s) → :`QmT /2b+`B#2/ �#Qp2X aBM+2 s Bb
T�i? +QMM2+i2/ �M/ Π1(s) Bb � ;`QmTQB/- �Mv irQ TQBMib t0 �M/ t1
�`2 BbQKQ`T?B+ BM Π1(s)X aBM+2 7mM+iQ`b T`2b2`p2b BbQKQ`T?BbK- r2
+QM+Hm/2 π1(s, t0) ≃ π1(s, t1)X

AM i?2 T�i? +QMM2+i2/ +�b2- r2 rBHH bBKTHv /2MQi2 #v π1(s) i?2
7mM/�K2Mi�H ;`QmT rBi?Qmi K2MiBQMBM; i?2 `272`2M+2 TQBMiX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2i 7 : s → u #2 � +QMiBMmQmb K�TX Ai /2}M2b � 7mM+iQ`

Π1(7) : Π1(s) → Π1(u) #v �bbB;MBM; t +→ 7(t), [γ] +→ [7 ◦ γ].

S`QTQbBiBQM
Π1 /2}M2b � 7mM+iQ`

Π1 : hQT → :`QmTQB/ ,

i?�i b2M/b s iQ Π1(s)X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i 7, ; : s → u #2 K�Tb r?B+? �`2 ?QKQiQTB+ #v 6 : s × A → uX
G2i mb /2}M2 T�i? +H�bb2b

τt = [6|t×A] ∈ >QKΠ1(u)(7(t), ;(t)),

6 6−−−−→ u

;

7

τt

t

h?2M τ /2}M2b � M�im`�H i`�Mb7Q`K�iBQM

τ6 : Π1(7) 4⇒ Π1(;).
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QQ7,

G2i ` : A → s rBi? `(i) = tiX q2 QMHv M22/ iQ b?Qr i?�i i?2
7QHHQrBM; /B�;`�K Bb +QKKmi�iBp2 �i i?2 H2p2H Q7 T�i? +H�bb2b,

7(t0) = Π1(7)(t0) 7◦` !!

τt0
""

Π1(7)(t1)
τt1
""

= 7(t1)

;(t0) = Π1(;)(t0) ;◦`
!! Π1(;)(t1) = ;(t1)
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2 +QKTQbBiBQM 6 ◦ (` × A) ;Bp2b i?2 7QHHQrBM; /B�;`�K,

τt0 τt1 6−−−−→ u

; ◦ `

7 ◦ `

r?B+? BKTHB2b i?�i [; ◦ `] ⋆ [τt0 ] = [τt1 ] ⋆ [7 ◦ `] �b `2[mB`2/X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?Bb T`QTQbBiBQM +�M #2 TB+im`2/ #v i?2 7QHHQrBM; /B�;`�K

hQT Π1 !! :`QmTQB/
s

7

##

;

$$

Π1(s)

Π1(7)

%%

Π1(;)

&&

?QKQiQTv444444⇒
6

M�iX i`�MbX444444⇒
τ6

u Π1(u)
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2 7QHHQrBM; i?2Q`2K Bb � 7Q`K�H +QMb2[m2M+2 Q7 i?2 �#Qp2
T`QTQbBiBQM

h?2Q`2K
G2i 7 : s → u #2 � ?QKQiQTv 2[mBp�H2M+2X h?2M

Π1(7) : Π1(s) → Π1(u)

Bb �M 2[mBp�H2M+2 Q7 +�i2;Q`B2bX AM T�`iB+mH�`- Bi BM/m+2b � ;`QmT
BbQKQ`T?BbK

π1(s, t0) ≃ π1(u, 7(t0)),
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QQ7X
G2i ; : u → s `2T`2b2Mi i?2 BMp2`b2 Q7 7 BM ?hQTX �TTHvBM; Π1 iQ
7 ◦ ; ≃ 1u �M/ ; ◦ 7 ≃ 1s- r2 }M/ Π1(7) ◦Π1(;) �M/ Π1(;) ◦Π1(7)
�`2 M�im`�H BbQKQ`T?B+ iQ B/2MiBiv 7mM+iQ`bX h?mb i?2 }`bi
bi�i2K2Mi 7QHHQrbX
h?2 b2+QM/ bi�i2K2Mi 7QHHQrb 7`QK i?2 7�+i i?�i 2[mBp�H2M+2
7mM+iQ`b �`2 7mHHv 7�Bi?7mHX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i s,u ∈ hQTX h?2M r2 ?�p2 �M BbQKQ`T?BbK Q7 +�i2;Q`B2b

Π1(s × u) ∼= Π1(s)×Π1(u).

AM T�`iB+mH�`- 7Q` �Mv t0 ∈ s, v0 ∈ u- r2 ?�p2 � ;`QmT BbQKQ`T?BbK

π1(s × u, t0 × v0) ≃ π1(s, t0)× π1(u, v0).
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
6Q` � TQBMi s = Ti- π1(Ti) = 0 Bb i`BpB�HX Ai Bb MQi ?�`/ iQ b22 i?�i
RM Bb ?QKQiQTv 2[mBp�H2Mi iQ � TQBMiX Ai 7QHHQrb i?�i

π1(RM) = 0 M ≥ 0.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
�b r2 rBHH b22-

π1(a1) = Z, �M/ π1(aM) = 0, ∀M > 1.

G2i hM = (a1)M #2 i?2 M@/BK iQ`mbX h?2M

π1(hM) = ZM.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2 U"`�B/ ;`QmTbV
�`iBMǶb #`�B/ ;`QmT "`M Q7 M bi`BM;b ?�b i?2 }MBi2 T`2b2Mi�iBQM,

"`M = ⟨#1, . . . , #M−1 | #B#D#B = #D#B#D ∀|D − B| = 1,
#D#B = #B#D ∀ |D − B| > 1⟩.

"`�B/ ;`QmTb +�M #2 `2�HBx2/ �b 7mM/�K2Mi�H ;`QmTbX
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h?2 Mi? UQ`/2`2/V +QM};m`�iBQM bT�+2 Q7 s Bb

*QM7M(s) : = {t = (t1, . . . , tM) ∈ sM | tB ̸= tD, ∀B ̸= D}.

Ai +�``B2b � M�im`�H �+iBQM Q7 i?2 T2`Kmi�iBQM ;`QmT aM

aM × *QM7M(s) −→ *QM7M(s)
(σ, t) +−→ σ(t) = (tσ(1), tσ(2), . . . , tσ(M)).

h?2 mMQ`/2`2/ +QM};m`�iBQM bT�+2 Q7 s Bb i?2 Q`#Bi bT�+2 ,

+QM7M(s) = *QM7M(s)/aM.

� +H�bbB+�H `2bmHi b�vb

"`M ∼= π1(+QM7M(R2)) ∼= π1(+QM7M(.2)).
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

6Bt M /BbiBM+i TQBMib w1, · · · ,wM BM R2X � ;2QK2i`B+ #`�B/ Bb �M
M@imTH2 Ψ = (ψ1, . . . ,ψM) Q7 T�i?b

ψB : [0, 1] → R2

bm+? i?�i
! ψB(0) = wBc
! ψB(1) = wν(B) 7Q` bQK2 T2`Kmi�iBQM ν Q7 {1, . . . , M}c
! {ψ1(i), . . . ,ψM(i)} �`2 /BbiBM+i TQBMib BM R2- 7Q` 0 < i < 1X
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h?2 T`Q/m+i Q7 ;2QK2i`B+ #`�B/b 7QHHQrb i?2 b�K2 r�v Q7 T`Q/m+ib
Q7 T�i?b UBM i?2 7mM/�K2Mi�H ;`QmT b2iiBM;VX �HH #`�B/b QM R2 rBi?
i?2 T`Q/m+i �#Qp2 7Q`K i?2 #`�B/ ;`QmTX

•◦

•◦

•◦

•◦

•◦

•◦

•◦

•◦

•◦

•◦

,ࢶ *H�bbB+�H #`�B/b


